Firstly, we propose a concept of uniformly almost periodic functions on almost periodic time scales and investigate some basic properties of them. When time scale T R or Z, our definition of the uniformly almost periodic functions is equivalent to the classical definitions of uniformly almost periodic functions and the uniformly almost periodic sequences, respectively. Then, based on these, we study the existence and uniqueness of almost periodic solutions and derive some fundamental conditions of admitting an exponential dichotomy to linear dynamic equations. Finally, as an application of our results, we study the existence of almost periodic solutions for an almost periodic nonlinear dynamic equations on time scales.
Introduction
In recent years, researches in many fields on time scales have received much attention. The theory of calculus on time scales see 1, 2 and references cited therein was initiated by Hilger in his Ph.D. thesis in 1988 3 in order to unify continuous and discrete analysis, and it has a tremendous potential for applications and has recently received much attention since his fundamental work. It has been created in order to unify the study of differential and difference equations. Many papers have been published on the theory of dynamic equations on time scales 4-10 . Also, the existence of almost periodic, asymptotically almost periodic, and pseudo-almost periodic solutions is among the most attractive topics in qualitative theory of differential equations and difference equations due to their applications, especially in biology, economics and physics 11-29 . However, there are no concepts of almost periodic functions on time scales so that it is impossible for us to study almost periodic solutions for dynamic equations on time scales. Motivated by the above, our main purpose of this paper is firstly to propose a concept of uniformly almost periodic functions on time scales and investigate some basic properties of them. Then we study the existence and uniqueness of almost periodic solutions to linear dynamic equations on almost time scales. Finally, as an application of our results, we study the existence of almost periodic solutions for almost periodic nonlinear dynamic equations on time scales.
The organization of this paper is as follows. In Section 2, we introduce some notations and definitions and state some preliminary results needed in the later sections. In Section 3, we propose the concept of uniformly almost periodic functions on almost periodic time scales and investigate the basic properties of uniformly almost periodic functions on almost periodic time scales. In Section 4, we study the existence and uniqueness of almost periodic solutions and derive some fundamental conditions of admitting an exponential dichotomy to linear dynamic equations on time scales. In Section 5, as an application of our results, we study the existence of almost periodic solutions for almost periodic nonlinear dynamic equations on time scales.
Preliminaries
In this section, we will first recall some basic definitions lemmas which are used in what follows.
Let T be a nonempty closed subset time scale of R. The forward and backward jump operators σ, ρ : T → T and the graininess μ: T → R are defined, respectively, by σ t inf{s ∈ T : s > t}, ρ t sup{s ∈ T : s < t}, μ t σ t − t.
A point t ∈ T is called left-dense if t > inf T and ρ t t, left-scattered if ρ t < t, right-dense if t < sup T and σ t t, and right-scattered if σ t > t. If T has a left-scattered maximum
A function f : T → R is right-dense continuous provided it is continuous at rightdense point in T and its left-side limits exist at left-dense points in T. If f is continuous at each right-dense point and each left-dense point, then f is said to be a continuous function on T.
For y : T → R and t ∈ T k , we define the delta derivative of y t , y Δ t , to be the number if it exists with the property that, for a given ε > 0, there exists a neighborhood U of t such that A function p : T → R is called regressive provided 1 μ t p t / 0 for all t ∈ T k . The set of all regressive and rd-continuous functions p : T → R will be denoted by R R T R T, R . We define the set R R T, R {p ∈ R : 1 μ t p t > 0, for all t ∈ T}. An n × n-matrix-valued function A on a time scale T is called regressive provided
and the class of all such regressive and rd-continuous functions is denoted, similar to the above scalar case, by R R T R T, R n×n .
If r is a regressive function, then the generalized exponential function e r is defined by e r t, s exp for all s, t ∈ T, with the cylinder transformation 
Uniformly Almost Periodic Functions
Let T be a given time scale, and T is a complete metric space with the metric distance d defined by
For a given δ > 0, the δ-neighborhood U t 0 , δ of a given point t 0 ∈ T is the set of all points t ∈ T such that d t, t 0 < δ. Throughout this paper, E n denotes R n or C n , D denotes an open set in E n or D E n , and S denotes an arbitrary compact subset of D.
n is called continuous at t 0 ∈ X ⊆ T if, and only if for any ε > 0, there exists U t 0 , δ such that, for any s ∈ U t 0 , δ ,
f is called continuous on X provided that it is continuous for every t ∈ X.
Definition 3.2. f : X → E n is called uniformly continuous on X ⊆ T if, for any ε > 0, there exists δ ε such that, for any t 1 , t 2 ∈ X with |t 1 − t 2 | < δ ε it is implied that
Similar to the finite covering theorem in functional analysis see 30 , one can easily show that the following. 
Also, one can easily prove the following two lemmas. 
By using Lemma 3.3, one can easily show that the following.
Definition 3.7.
A time scale T is called an almost periodic time scale if
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Obviously, if τ 1 , τ 2 ∈ Π, then τ 1 ± τ 2 ∈ Π and if T is an almost periodic time scale, then inf T −∞ and sup T ∞.
is a relatively dense set in T for all ε > 0; that is, for any given ε > 0, there exists a constant l ε > 0 such that each interval of length l ε, S contains a τ ε ∈ E{ε, f} such that
τ is called the ε-translation number of f and l ε is called the inclusion length of E{ε, f}.
is a relatively dense set in T for all ε > 0 and for each compact subset S of D; that is, for any given ε > 0 and each compact subset S of D, there exists a constant l ε, S > 0 such that each interval of length l ε, S contains a τ ε, S ∈ E{ε, f, S} such that
τ is called the ε-translation number of f and l ε, S is called the inclusion length of E{ε, f, S}.
Obviously, an almost periodic function can be regarded as a special case of a uniformly almost periodic function. So, in the following, we mainly discuss the basic properties of uniformly almost periodic functions. The basic properties of almost periodic functions can be derived directly from the corresponding ones of uniformly almost periodic functions. For convenience, we denote AP T {f : f ∈ C T, E n , f is almost periodic} and introduce some notations: let α {α n } and β {β n } be two sequences. Then, β ⊂ α means that β is a subsequence of α, α β {α n β n }, −α {−α n }, and α and β are common subsequences of α and β , respectively, which means that α n α n k and β n β n k for some given function n k .
We will introduce the translation operator T, T α f t, x g t, x which means that g t, x
lim n → ∞ f t α n , x and is written only when the limit exists. The mode of convergence, for example, pointwise, uniform, and so forth, will be specified at each use of the symbol.
Similar to the proof of Theorem 1.13 in 16 , one can show that.
Theorem 3.12. Let f ∈ C T×D, E n be almost periodic in t uniformly for x ∈ D, then it is uniformly continuous and bounded on T × S.

Theorem 3.13. Let f ∈ C T×D, E
n be almost periodic in t uniformly for x ∈ D, then, for any given
f t, x g t, x holds uniformly on T × S and g t, x is almost periodic in t uniformly for x ∈ D.
Proof. For any ε > 0 and S ⊂ D, let l l ε/4, S be an inclusion length of E{ε/4, f, S}. For any given subsequence α {α n } ⊂ Π, we denote α n τ n γ n , where τ n ∈ E{ε/4, f, S}, γ n ∈ Π, and 0 ≤ γ n ≤ l, n 1, 2, . . .. In fact, for any interval with length of l, there exists τ n ∈ E{ε/4, f, S}, thus, we can choose a proper interval with length of l such that 0 ≤ α n − τ n ≤ l, from the definition of Π, it is easy to see that γ n α n − τ n ∈ Π. Therefore, there exists a subsequence
Also, it follows from Theorem 3.12 that f t, x is uniformly continuous on T×S. Hence, there exists δ ε, S > 0 so that
Since γ is a convergent sequence, there exists N N δ so that p, m ≥ N implies |γ p − γ m | < δ. Now, one can take α ⊂ α , τ ⊂ τ {τ n } such that α, τ common with γ then; for any integers p, m ≥ N, we have
3.11
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Hence, we can obtain
3.13
Thus, we can take sequences α
. ., and α k 1 ⊂ α k ⊂ α such that, for any integers m, p, and all t, x ∈ T × S, the following holds:
For all sequences α k , k 1, 2, . . ., we can take a sequence β {β n }, β n α n n then, it is easy to see that {f t β n , x } ⊂ {f t α n , x } for any integers p, m with p < m and all t, x ∈ T × S the following holds:
Therefore, {f t β n , x } converges uniformly on T × S that is, T β f t, x g t, x holds uniformly on T × S, where β {β n } ⊂ α.
Next, we will prove that g t, x is continuous on T×D. If this is not true,then there must exist t 0 , x 0 ∈ T×D such that g t, x is not continuous at this point. 
3.17
According to the uniform continuity of f t, x on T × X, for sufficiently large m, we have
From 3.17 -3.18 , we get
this contradicts 3.16 . Therefore, g t, x is continuous on T × D.
Finally, for any compact set S ⊂ D and given ε > 0, one can take τ ∈ E{ε, f, S; then, for all t, x ∈ T × S, the following holds:
3.20
Let n → ∞, for all t, x ∈ T × S; we have
which implies that E{ε, g, S} is relatively dense. Therefore, g t, x is almost periodic in t uniformly for x ∈ D. This completes the proof.
Theorem 3.14. Let f ∈ C T × D, E n ; if, for any sequence α ⊂ Π, there exists α ⊂ α such that T α f t, x exists uniformly on T × S, then f t, x is almost periodic in t uniformly for x ∈ D.
Proof. For contradiction, if this is not true, then there exist ε 0 > 0 and S ⊂ D such that, for any sufficiently large l > 0, we can find an interval with length of l and there is no ε 0 -translation numbers of f t, x in this interval; that is, every point in this interval is not in E{ε 0 , f, S}.
One can take a number α 1 ∈ Π and find an interval a 1 , b 1 with b 1 − a 1 > 2|α 1 |, where a 1 , b 1 ∈ Π such that there is no ε 0 -translation numbers of f t, x in this interval. Next, taking 
Therefore, there is no uniformly convergent subsequence of {f t α n , x } for t, x ∈ T×S; this is a contradiction. Thus, f t, x is almost periodic in t uniformly for x ∈ D. This completes the proof.
From Theorems 3.13 and 3.14, we can obtain the following equivalent definition of uniformly almost periodic functions.
Similar to the proof of Theorem 2.11 in 16 , one can prove that the following.
Theorem 3.16. If f ∈ C T×D, E
n is almost periodic in t uniformly for x ∈ D and ϕ t is almost periodic with {ϕ t : t ∈ T} ⊂ S, then f t, ϕ t is almost periodic.
g t, x exists uniformly on T × S} is called the hull of f.
Similar to the proofs of Theorems 1.6 and 1.8 in 19 , one can prove the following two theorems, respectively.
Theorem 3.18. H f is compact if and only if f is almost periodic in t uniformly for x ∈ D.
Theorem 3.19. If f t, x is almost periodic in t uniformly for x ∈ D, then for any g t, x ∈ H f , H f H g .
From Definition 3.17 and Theorem 3.19, one can easily show that.
Theorem 3.20. If f t, x is almost periodic in t uniformly for x ∈ D, then, for any g t, x ∈ H f , g t, x is almost periodic in t uniformly for x ∈ D.
Theorem 3.21. If f t, x is almost periodic in t uniformly for x ∈ D, then, for any ε > 0, there exists a positive constant L L ε, S and for any a ∈ R, there exist a constant η > 0 and α
Proof. Since f t, x is uniformly continuous on T × S, for any ε > 0, there exists δ ε 1 , S > 0 so that
where ε 1 ε/2. We take η δ ε/2, S δ ε 1 , S , and L l ε 1 , S η, where l ε 1 , S is the inclusion length of E ε 1 , f, S .
For any a ∈ R, consider an interval a, a L , take
and we have
Hence, for all ξ ∈ τ − η/2 , τ η/2 ∩ Π, we have |ξ − τ| ≤ η. Therefore, for any t, x ∈ T × S,
So, we let α τ − η/2 , then α, α η ∩ Π ⊂ E ε, f, S . This completes the proof.
Theorem 3.22. If f, g are almost periodic in t uniformly for x ∈ D, then, for any ε > 0, E f, ε, S ∩ E g, ε, S is a nonempty relatively dense set in T.
Proof. Since f, g are almost periodic in t uniformly for x ∈ D, they are uniformly continuous on T × S. For any given ε > 0, one can take δ i δ i ε/2, S i 1, 2 , and l 1 l 1 ε/2, S , l 2 l 2 ε/2, S are inclusion lengths of E f, ε/2, S , E g, ε/2, S , respectively. According to Theorem 3.18, we can take
Hence, we can find ε/2-translation numbers of f t, x and g t, x : τ 1 mη and τ 2 nη, respectively, where τ 1 , τ 2 ∈ a, a L ∩ Π, m, n are integers, and
Let m − n s, then s can only be taken from a finite number set {s 1 
|}.
For any a ∈ R, on the interval a T, a T L , we can take ε/2-translation numbers of f t, x and g t, x : τ 1 and τ 2 , respectively; there must exist some integer s j such that
3.28
then τ ε, S ∈ a, a L 2T ∩ Π, and, for any t, x ∈ T × S, we have
Therefore, there exists at least a τ τ ε, S on any interval a, a L 2T with the length L 2T such that τ ∈ E f, ε, S ∩ E g, ε, S . The proof is complete.
According to Definition 3.10, one can easily prove the following. Proof. From Theorem 3.22, for any ε > 0, E f, ε/2, S ∩ E g, ε/2, S is a nonempty relatively dense set. It is easy to see that if τ ∈ E f, ε/2, S ∩ E g, ε/2, S , then τ ∈ E f g, ε, S . Hence,
Therefore, E f g, ε, S is a relatively dense set, so f g is almost periodic in t uniformly for
On the other hand, denote sup t, x ∈T×S |f t,
S , then, for all t, x ∈ T × S, we have f t τ, x g t τ, x − f t, x g t, x ≤ g t τ, x f t τ, x − f t, x | |f t, x g t τ, x − g t, x
≤ M 1 M 2 ε ≡ ε 1 .
3.32
Therefore, τ ∈ E fg, ε 1 , S , E fg, ε 1 , S is a relatively dense set, so fg is almost periodic in t uniformly for x ∈ D. Faunally, denote inf t, x ∈T×S |g t, x | N and take τ ∈ E g, ε, S , then, for all t, x ∈ T × S we have
that is, τ ∈ E 1/g, ε 2 , S . Hence, 1/g is almost periodic in t uniformly for x ∈ D, so f/g is almost periodic in t uniformly for x ∈ D. The proof is complete.
Theorem 3.25. If F ∈ C R × D, E n is almost periodic in t uniformly for x ∈ D, then F t, x is also continuous on T × D and almost periodic in t uniformly for x ∈ D.
Proof. Let F r, x ∈ C R×D, E n be uniformly almost periodic, then, for any sequence α ⊂ T p , there exists a subsequence α ⊂ α such that T a F t α n , x exists uniformly on R × S, where S is any compact set in D. Consequently, T α f t α n , x T α F t α n , x exists uniformly on T × S. In view of Theorem 3.14, this shows that f t, x is uniformly almost periodic.
Corollary 3.26. If F ∈ C R, E
n is an almost periodic function, then F t is an almost periodic function on T.
. . are almost periodic in t for x ∈ D and the sequence {f n t, x } uniformly converges to f t, x on T × S, then f t, x is almost periodic in t uniformly for x ∈ D.
Proof. For any ε > 0, there exists sufficiently large n 0 such that, for all t, x ∈ T × S, f t, x − f n 0 t, x < ε 3 .
3.34
Take τ ∈ E{f n 0 , ε/3, S}, then, for all t, x ∈ T × S, we have
that is, τ ∈ E f, ε, S . Therefore, E f, ε, S is also a relatively dense set; f t, x is almost periodic in t uniformly for x ∈ D. This completes the proof.
Theorem 3.28. If f t, x is almost periodic in t uniformly for x ∈ D, denote F t, x t 0 f s, x Δs, then F t, x is almost periodic in t uniformly for x ∈ D if and only if F t, x is bounded on T × S.
Proof. If F t, x is almost periodic in t uniformly for x ∈ D, then it is easy to see that F t, x is bounded on T × S.
If F t, x is bounded, without loss of generality, then we can assume that F t, x is a real-valued function. Denote
for any ε > 0, there exist t 1 and t 2 such that
Let l l ε 1 , S be an inclusion length of E f, ε 1 , S , where
3.38
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in any interval with length L, there exist s 1 , s 2 such that
Now, we denote ε 2 ε/2L; in the following, we will prove that if τ ∈ E f, ε 2 , S , then τ ∈ E F, ε, S . In fact, for any t, x ∈ T × S, one can take
3.43
That is, for τ ∈ E f, ε 2 , S , we have τ ∈ E F, ε, S , so F t, x is almost periodic in t uniformly for x ∈ D. The proof is complete.
Theorem 3.29. If f t, x is almost periodic in t uniformly for x ∈ D and F · is uniformly continuous on the value field of f t, x , then F • f is almost periodic in t uniformly for x ∈ D.
Proof. In fact, since F is uniformly continuous on the value field of f t, x and f t, x is almost periodic in t uniformly for x ∈ D, there exists a real sequence α {α n } ⊆ Π such that
holds uniformly on T × S. Hence, F • f is almost periodic in t uniformly for x ∈ D. The proof is complete. 
is a relatively dense set. 
On the other hand, if, for any ε > 0, E M, ε, S is a relatively dense set, then, for any i 1, 2, . . . , n, j 1, 2, . . . , m and τ ∈ E M, ε, S , we have
3.48
Hence, every element m ij t, x is almost periodic in t uniformly for x ∈ D that is, M t, x is almost periodic in t uniformly for x ∈ D. The proof is complete. Definition 4.9 see 31 . Let A t be n × n rd-continuous matrix function on T; the linear system
is said to admit an exponential dichotomy on T if there exist positive constants K, α, projection P , and the fundamental solution matrix X t of 4.8 , satisfying
4.9
Similar to the proof of Theorem 5.7 Favard's Theorem in 19 , one can obtain that the following. Proof. Let X t be the fundamental solution matrix to 4.5 . For any sequence α ⊂ Π, denote A n A t α n , X n t X t α n . Since the homogeneous equation 4.5 has an exponential dichotomy, it is easy to see that there exists a constant M such that X n t ≤ M and X Δ t A n t X n t ≤ AM, where A sup t∈T A t . Therefore, by Lemma 2.3, there exists {α n k } : α ⊂ α such that {X n k } converges uniformly on any compact subset of T and lim n → ∞ X t α n exists uniformly on T. So, X t is almost periodic. Since the homogeneous equation 4.5 has an exponential dichotomy, inf t∈T x t 0, from Lemma 4.10, x t ≡ 0. This completes the proof. 
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